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We consider a real massive free quantum scalar field with arbitrary curvature coupling on n-dimensional
anti–de Sitter spacetime. We use Hadamard renormalization to find the vacuum expectation values of the
quadratic field fluctuations and the stress-energy tensor, presenting explicit results for n ¼ 2 to n ¼ 11
inclusive.
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I. INTRODUCTION
Quantum field theory (QFT) on curved spacetime is a
semiclassical approach to quantum gravity, where the
n-dimensional spacetime geometry is fixed and classical,
and a quantum field propagates on this background. This
approach is encapsulated in the semiclassical Einstein
equations,
Gμν þ Λgμν ¼ 8πhψ jTμνjψiren; ð1:1Þ
where hψ jTμνjψiren is the renormalized stress-energy tensor
(RSET), associated with the state jψi of a quantum field,
and where we are using units in which
c ¼ G ¼ ℏ ¼ 1: ð1:2Þ
The RSET is the central object of interest in QFT on
curved spacetime as it is responsible for the backreaction
of the quantum field on the spacetime geometry. Since
hψ jTμνjψiren depends on the state as well as the geometry,
understanding the backreaction requires a methodology for
computing hψ jTμνjψiren in which the state dependence is
manifest.
The stress-energy tensor involves products of quantum
operators at the same spacetime point. Hence its expect-
ation value is divergent and requires renormalization.
Renormalization in curved spacetime is challenging.
Calculations of explicit expressions for hψ jTμνjψiren have
been attempted mostly in n ¼ 4 spacetime dimensions and
appear to be tractable only for highly symmetric space-
times. A particular emphasis in the literature to date has
been computations on black hole spacetimes. For n ¼ 4,
the RSET has been computed for various quantum fields on
static, spherically symmetric black hole spacetimes [1–7],
while for n ¼ 3 it is also possible to find the RSET on
the rotating Bañados-Teitelboim-Zanelli (BTZ) black hole
[8,9]. For black holes in more than four spacetime
dimensions, the literature on the computation of renormal-
ized expectation values is rather limited. There is work on
computing the RSET using the Schwinger-DeWitt repre-
sentation of the Feynman propagator when n is even [10].
In addition, the renormalized expectation value of the
quadratic field fluctuations (RQFF) has been computed
on the horizon of an asymptotically flat, spherically
symmetric, three- and five-dimensional black hole in
[11] and [12] respectively and on the five-dimensional
analogue of the BTZ black hole [13].
The subject of QFTon anti–de Sitter spacetime, AdS, has
held a particular interest for some time: initially, since AdS
arises as a natural solution of a certain class of supergravity
theories (see, for example, [14]); and more recently in the
context of the AdS/CFT correspondence [15–18]. The fact
that AdS is not globally hyperbolic [19] has important
consequences for QFT on this spacetime. Boundary con-
ditions must be imposed at infinity in order to define a
consistent QFT [20]. These conditions were first explored
in [20] for a quantum scalar field when n ¼ 4, leading to
expressions for the scalar field modes and the Feynman
Green’s function in this case. For general n, the scalar field
modes have been obtained in [21,22] and the Feynman
Green’s function has been calculated by summing over
these modes [21]. Two-point functions for scalar, spinor
and vector fields have also been derived for general n
[23,24] by directly solving the field equations, exploiting
the underlying symmetries of AdS. Vacuum expectation
values for a massive scalar field with general coupling to
the Ricci scalar curvature have been computed using zeta-
function regularization, for n ¼ 4 [25] and n ≥ 2 [26]. In
addition, the one-loop effective potential for n ¼ 4 has
been studied [27].
Hadamard renormalization (HR) was introduced in the
development of Wald’s axiomatic approach [28,29]. It
extends the method of covariant geodesic point separation
[30,31] and is based on the requirement that the short-
distance singularity structure of the Green’s function
solutions of the field equation have the form of
Hadamard’s “elementary solution” [32]. The Hadamard
form is a powerful device in the context of renormalization
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not least since its structure is given by a rigorous theorem,
but moreover it clearly exhibits the influences of the field
state. Rigorous approaches to QFT in curved space rely on
the notion of a Hadamard state, whose point-split two-point
function has the Hadamard form.
Décanini and Folacci [33] have implemented HR in an
elegant framework for a free scalar field coupled to a
general n-dimensional spacetime. Reference [33] serves as
a practical approach to higher-dimensional renormalization
in specific spacetimes. Even so, applications of HR to
RSET computations in the literature mostly remain
restricted to n ¼ 4 (see, for example, [34–37]). In this
paper our focus is on applying HR to RSET computations,
but HR has wider applications, for example to studies of the
self-force [38,39] and stress-energy tensor correlators [40].
In this paper, we apply HR to expectation values of
operators for the global vacuum state j0i of a real massive
free quantum scalar field Φ coupled to n-dimensional anti–
de Sitter spacetime, AdSn. Maximally symmetric spaces
such as AdSn are the simplest nontrivial spacetimes on
which to compute the RSET. Working on AdSn is therefore
a good preliminary step in the development of practical
HR methodology in more than four spacetime dimensions.
Ultimately an implementation of HR for higher-
dimensional black hole spacetimes would be of great
interest. In four spacetime dimensions, a computation of
the RQFF for a massless, conformally coupled scalar field
on an asymptotically anti–de Sitter black hole [41] has
shown that the expectation value far from the black
hole approaches the (nonzero) AdS4 expectation value.
Knowledge of the vacuum expectation value of the RSET
for a scalar field with arbitrary mass and curvature coupling
on AdSn is therefore useful for extensions of the work of
[41] to more general field mass and curvature coupling as
well as future computations on higher-dimensional, asymp-
totically anti–de Sitter black holes.
The outline of this paper is as follows. We begin, in
Sec. II, with a review of the geometrical foundations
required for QFT on AdSn [20], as well as the basic tools
necessary for covariant geodesic point separation [30,31].
Section III is concerned with the Feynman Green’s function
GFðx; x0Þ for a quantum scalar field on AdSn, which is
constructed in Sec. III A. In Sec. III B, we set out the
Hadamard form of the Feynman Green’s function,
GHðx; x0Þ, which enables us, in Sec. III C, to fix an overall
normalization constant in GFðx; x0Þ. In order to perform
HR, in Secs. IV and V, we expand both GF and GH
respectively as formal series up to second order in the point
separation. Based on this regularization, in Sec. VI we then
detail the procedure used to obtain expressions for the
RQFF, hΦ2iren, and the RSET, hTμνiren, with respect to j0i.
Analytic results for hΦ2iren and hTμνiren for n ¼ 2 to
n ¼ 11 inclusive are presented in Sec. VII and our con-
clusions are in Sec. VIII. In particular, we compare our
results using HR with those obtained from zeta-function
regularization [26]. Throughout this paper, we adopt the
Lorentzian metric signature convention ð−;þ;þ;…;þÞ,
and the unit system (1.2). The Appendix lists properties of
the gamma, psi and hypergeometric functions which are
used in our calculations.
II. PRELIMINARIES
A. Scalar field theory on AdSn
AdSn may be realized as the embedding of a single-
sheeted n-dimensional hyperboloid in an ðnþ 1Þ-
dimensional Euclidean space,
Enþ1 ¼ fζμ; μ ¼ 0; 1; 2;…; ng; ð2:1Þ
endowed with the metric
gEμν ¼ diagð−1; 1; 1;…; 1;−1Þ: ð2:2Þ
Intrinsic coordinates are then given by the constraint
fxμg ¼ fζμ; gEμνζμζν ¼ −a2g; a > 0; ð2:3Þ
where ia is the radius of curvature of AdSn. A convenient
dimensionless coordinate system is the set of hyperspher-
ical coordinates,
−π < τ ≤ π; τ ¼ −π and τ ¼ π identified;




0 ≤ θj ≤ π; j ¼ 1; 2;…; n − 3;
0 ≤ φ < 2π; ð2:4Þ
parametrizing the temporal, radial, polar and azimuthal
directions respectively. The coordinate system (2.4)
covers AdSn, excluding polar singularities. In terms of
the coordinates (2.4), the metric on AdSn takes the form
ds2 ¼ a2ðsec ρÞ2½−dτ2 þ dρ2 þ ðsin ρÞ2dΣ2n−2 ð2:5Þ
where dΣ2n−2 is the metric on the (n − 2)-sphere.
The simplest action for a real massive free classical











g ≔ jdet gμνj; ð2:7Þ
and
m2ξ ≔ m2 þ ξR ð2:8Þ
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is an effective mass-squared term with m, the mass of the
field quanta, and the constant ξ, the coupling between Φ
and R, the Ricci scalar curvature. The scalar field equation
of motion
ð□ −m2ξÞΦ ¼ 0; ð2:9Þ
(where □ is the n-dimensional curved-space Laplacian) is
obtained by varying S (2.6) with respect to Φ.
The quantization of (2.6) requires a globally hyperbolic
background. However, since τ ¼ −π and τ ¼ π are iden-
tified, AdSn admits closed timelike curves. Although the
covering space CAdSn (where −∞ < τ < þ∞) does not
have closed timelike curves, nonglobal hyperbolicity per-
sists since spatial infinity ρ ¼ π
2
remains timelike and
information may be lost or gained at infinity [20]. To
ensure a well-defined QFT, we adopt reflective boundary
conditions [20], whereby modes of Φ vanish at ρ ¼ π
2
. Such









For the rest of this paper we shall assume that (2.10) holds.
B. Bitensors on AdSn
A bitensor Bðx; x0Þ is a quantity which transforms as the
product of two tensors, evaluated at x and x0 respectively
[31]. Similarly, a biscalar bðx; x0Þ transforms as the product
of two scalars, evaluated at x and x0 respectively. Covariant
derivatives of bðx; x0Þ with respect to x or x0,
b;μ ≔ ∇μbðx; x0Þ; b;μ0 ≔ ∇μ0bðx; x0Þ; ð2:11Þ
are specified by an unprimed or primed index respectively.
Given two points x; x0 sharing a geodesic, sðx; x0Þ is the
proper distance between them and is pure imaginary for
timelike intervals. The related invariant,
σðx; x0Þ ≔ 1
2
½sðx; x0Þ2; ð2:12Þ
is known as the geodetic interval [43], or world function




In this paper we are considering the maximally symmetric
spacetime AdSn. A biscalar bðx; x0Þ is a function of the
proper distance sðx; x0Þ [that is, bðx; x0Þ ¼ bðsÞ] if it is
invariant under the action of all isometries of a maximally
symmetric spacetime [23]. This greatly simplifies our
calculations.
The bivector gμν
0 ðx; x0Þ enables parallel transport of
vectors from x to x0 along a geodesic [31], such that the




s;ν0 ¼ −s;μ: ð2:14Þ




gμν0 ¼ gμν: ð2:15Þ
The Van Vleck–Morette determinant [45–47],
Δðx; x0Þ ≔ −½gðxÞ−12 det ½−σðx; x0Þ;μν0 ½gðx0Þ−12; ð2:16Þ
contributes to the description of the rate of geodesic
convergence [43], and satisfies the PDE [33]
□xσ ¼ n − 2Δ−12Δ12;μσ;μ; ð2:17Þ
where □x is the n-dimensional curved-space Laplacian




Δðx; x0Þ ¼ 1: ð2:18Þ
The relationship








established in [23] allows the explicit form of the Van












III. SCALAR FIELD GREEN’S FUNCTION
A. Feynman Green’s function
In order to compute the RQFF and RSET, we first
need to find the Feynman Green’s function GFðx; x0Þ for
the scalar field Φ. The Feynman Green’s function is
defined by




ΦðxÞΦðx0Þ; t < t0;
Φðx0ÞΦðxÞ; t > t0; ð3:2Þ
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denotes the time ordering of the application of the field
operators. The Feynman Green’s function satisfies the
inhomogeneous Klein-Gordon equation
ð□x −m2ξÞGFðx; x0Þ ¼ g−
1
2δnðx − x0Þ: ð3:3Þ
Integral representations of GF can be found using
Schwinger’s proper time method [48], generalized to
curved spacetimes (see, for example, [30,31,43,49]). The
time-ordered nature of GF is guaranteed in such schemes
by requiring that it be the limiting case of a function
that is analytic in the upper complex half-plane of s.
Accordingly, in what follows, it is tacitly implied that
GFðx; x0Þ ≔ GFðsðx; x0Þ þ i0þÞ; 0þ ≔ lim
ϵ→0
ϵ; ϵ > 0:
ð3:4Þ
Explicit expressions for GF on AdSn can be obtained
using one of two methods, both of which are greatly
simplified by virtue of the underlying spacetime sym-
metries. Burgess and Lütken [21] evaluate (3.1) as a sum
over field modes. However, the maximal symmetry of
AdSn means that we are in the special situation of being
able to find a closed-form expression for the Feynman
Green’s function GFðx; x0Þ without employing a sum over
modes. Allen and Jacobson [23] show that GF is invariant
under the action of all isometries of a maximally symmetric
















GF ¼ 0; ð3:5Þ
for s ≠ 0. The ODE (3.5) is then identified with the
hypergeometric equation (A11)














GF ¼ 0; ð3:6Þ










Following [27] we write the solution of (3.5) in the form
(using §9.153.7 of [50])
GF ¼ GFðCÞ þ GFðDÞ; ð3:8Þ
which is valid for jzj < 1, for all n ≥ 2, where
GFðCÞ ≔ CF½α; β; γ; z; ð3:9aÞ
GFðDÞ ≔ DF½α; β; γ; 1 − z; ð3:9bÞ










with η given by (2.10). In view of (A8)–(A10), as s → 0,
lim
s→0
GFðCÞ ¼ C; ð3:11Þ
and GFðDÞ diverges. It follows that to isolate the short-
distance singularity structure of GF, it is necessary to
determine the constant D.
In preparation for this exercise in Sec. III C, following
[27], we apply the linear transformation (A12d) to both
(3.9a) and (3.9b) and then (A12b) to the latter result,
yielding the expression
GF ¼ λþð−zÞ−n−12 −ηFþðzÞ þ λ−ð−zÞ−n−12 þηF−ðzÞ; ð3:12Þ
for jzj < 1, where we have defined the constants



















Following [27], forGF to remain finite as s → ∞, it must
be the case that
C ¼ ð−1Þnþ12 −ηD: ð3:15Þ
Therefore
GF ¼ λ∞Dð−zÞ−n−12 −ηFþðzÞ; ð3:16Þ
where








− ηÞ : ð3:17Þ
B. Hadamard form
The Hadamard form of GF on AdSn is given by
[recalling (3.4)]











2ð2πÞn2 ; n > 2; ð3:19bÞ
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and where Uðx; x0Þ, Vðx; x0Þ and Wðx; x0Þ are biscalars
which are regular as x0 → x. In (3.18) we have defined the
dimensionless quantity
σ̄ ≔ M2σ; ð3:20Þ
which depends on an undetermined renormalization mass
scale M [33].
The biscalars Uðx; x0Þ and Vðx; x0Þ are purely geometric,
depending on the spacetime geometry but not on the
state of the quantum field. Since we are working on
the maximally symmetric AdSn spacetime, Uðx; x0Þ and
Vðx; x0Þ are therefore functions of the geodetic interval
σðx; x0Þ [or, equivalently, sðx; x0Þ]. The conventional
Ansätze for the functions U and V are the series expansions








UlðσÞσl; n > 2; n even; ð3:21cÞ
and




VlðσÞσl; n even: ð3:22bÞ
The following recursion relations determine the coefficients
Ul and Vl
□x −m2ξ
2lþ 4 − nUl
¼ Ulþ1Δ−12Δ12;μσ;μ − ðlþ 1ÞUlþ1 −Ulþ1;μσ;μ; ð3:23aÞ
□x −m2ξ
lþ 1 Vl
¼ 2Vlþ1Δ−12Δ12;μσ;μ − ð2lþ nÞVlþ1 − 2Vlþ1;μσ;μ;
ð3:23bÞ
with the associated boundary conditions for U0 and V0:
U0 ¼ Δ12; ð3:24Þ
and
V0 ¼ −Δ12; n ¼ 2; ð3:25aÞ
V0 ¼
1
ðn − 2Þ ½2V0Δ
−1
2Δ12;μσ;μ − 2V0;μσ;μ − ð□x −m2ξÞUn−42 ;
n > 2: ð3:25bÞ
Using these relations, the Ul and Vl [and hence UðσÞ and
VðσÞ] can be determined by integrating along the unique
geodesic separating the events x and x0 (assuming that x and
x0 are sufficiently close that they are connected by a unique
geodesic). However, the biscalar Wðx; x0Þ is not uniquely
defined, a feature that can be attributed to the state
dependence of GH. It follows that the terms of (3.18)
involving the functionsU and V (i.e. those terms containing
the short-distance singularities) are the purely geometrical
parts of GH, and the term of (3.18) involving the biscalar
Wðx; x0Þ additionally incorporates the state dependence of
GH. Even on the maximally symmetric AdSn spacetime, for
a general quantum state the biscalarWðx; x0Þ is not simply a
function of the geodetic interval σðx; x0Þ. However, if we
are considering a quantum state which shares the maximal
symmetry of the underlying AdSn spacetime, thenWðx; x0Þ
will depend on x and x0 only through σðx; x0Þ, so we can
writeWðx; x0Þ ¼ WðσÞ. In particular, this is the case for the
global AdSn vacuum which is our focus in this paper.
C. Determination of the coefficient D
We now complete our determination of the Feynman
Green’s function GF by finding the coefficient D in (3.16).
This coefficient is fixed by directly comparing the leading-
order divergence of GF with that of GH. To extract the
leading-order divergence of GF, we follow [23]. Applying
(A12b) to the hypergeometric function in (3.16) gives
























As z → 0, we have ~z → 1. Applying (A12a) to (3.27) gives










þ η; 2ηþ 1;~z

; ð3:30Þ
is convergent as ~z → 1 for all n > 2. Combining (3.16),
(3.26) and (3.29) gives
Gn>2F ¼ λ∞ ~z
n−1
2
þηð1 − ~zÞ1−n2 ~Fð~zÞ; ð3:31Þ
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where all the singular behavior in GF as ~z → 1 (z → 0) is
now in the ð1 − ~zÞ1−n2 factor.
When n ¼ 2, given (3.26) and applying the transforma-

















× ½Ψn¼2 − lnð1 − ~zÞð1 − ~zÞk; ð3:32Þ
where ð1
2











with ψ denoting the psi function defined in (A5). The
expression (3.32) exhibits a logarithmic leading-order
divergence.
With the expressions (3.31)–(3.32) in hand, the coef-
ficient D can be determined by extracting the leading-order
divergences and then directly comparing this behavior with
















s2−n; s → 0; ð3:34bÞ
obtained from (3.18), (3.24) and (3.25) with (2.18), where
“∼” denotes “diverges as” and defining s̄ ≔ MswhereM is
the renormalization mass scale (3.20).
When n ¼ 2, as s → 0 the k ¼ 0 terms are the only
contributors to the summation in (3.32). Furthermore,









∼ 2 ln s̄; s → 0:
ð3:35Þ





for n ¼ 2.
When n > 2, the leading-order divergence of Gn>2F is
that of the ð1 − ~zÞ1−n2 ¼ ½tanhð s
2aÞ2−n factor in (3.31). Thus,











Making use of (A2) and (A3), for p ¼ 1; 2;…, the





























for n ¼ 2pþ 2.
We emphasize at this stage that despite the presence of




;…, and in (3.38) for
η ¼ 1; 2;…, the Feynman Green’s function GF remains
finite for all η.
IV. SINGULARITY STRUCTURE OF GF
To compute the RQFF and RSET using HR, the purely
geometric, divergent parts of the Hadamard form (3.18)
(i.e. the terms containing U and V) are subtracted from the
Feynman Green’s function (3.8) and the limit x0 → x is
taken. The first step is therefore to regularize, by isolating
all the divergent terms in both the Feynman Green’s
function (3.8) and the Hadamard form (3.18) and write
them in a form which facilitates renormalization, i.e. the
subtraction and limit process. In this section we regularize
the Feynman Green’s function (3.8) and in the next section,
the corresponding calculations for the Hadamard form
(3.18) are performed.
The regularization
GF ¼ GF;reg þGF;sing; ð4:1Þ
where GF;sing denotes the part of GF containing its
singular terms and GF;reg denotes the remaining regular
part of GF that is developed below by expanding the
hypergeometric functions in (3.9a) and (3.9b) as series
in s, for n ¼ 2 and n > 2 with n odd and with n even
respectively.
The computations of hΦ2iren and hTμνiren require an
expression of GF to zeroth and second order in s
as their corresponding inputs. In what follows, we
adopt a convenient notation for such expressions. For a
formal series fðsÞ, we denote: f0 and fII as its respective
zeroth and second-order truncations; fð0Þ and fð2Þ as
its zeroth and second-order terms; and fðÞ as its singular
terms.
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A. n ¼ 2
The relations (3.15), (3.36) and (A2) and the expansion










þ ηÞkð12 − ηÞk
ðk!Þ2 z
k: ð4:2Þ
Recalling (3.36) and (A2) and applying (A12e) to the








þ ηÞkð12 − ηÞk
ðk!Þ2 ð
~Ψn¼2 − ln zÞzk; ð4:3Þ
valid as s → 0, where














The Feynman Green’s function therefore has a logarithmic
singularity as s → 0, which can be seen explicitly from









1; Rey > 0; or Rey ¼ 0; Imy > 0;
0; y ¼ 0;
−1; Rey < 0; or Rey ¼ 0; Imy < 0;
ð4:6Þ
is the generalization of the signum function to complex
numbers y [51], and where we have defined the dimension-
less variable ā ≔ Ma whereM is the renormalization mass
scale (3.20).























þ 2γ þ Lþ ln z

zk; ð4:8Þ





















having applied (A6) and (A7) to (4.4).
For the summation in (4.7), only the k ¼ 0 and k ¼ 1
terms contribute to a second-order expansion in s.
From (4.8) and (4.9), the contributions from Zn¼2log to these
terms are












Zn¼2log jk¼1 ¼ ðZn¼2log jk¼0 − iδLÞz; ð4:11Þ
where








Recalling (4.5), the second-order truncation of the k ¼ 0
term is
ZII;n¼2log jk¼0 ¼ −2i













þ γ − ln 2 − ln ā: ð4:14Þ
From (4.11) the second-order truncation of the k ¼ 1 term
is then



































Accordingly, the zeroth order terms of GF are




and the singular term of GF is
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B. n > 2, n even
The relations (3.15), (3.39), (A2) and (A4) and the
expansion (A8) of the hypergeometric function in (3.9a)
combine to give
Gn¼2pþ2FðCÞ ¼



















þ ηÞkðpþ 12 − ηÞk
k!ðkþ pÞ! z
k: ð4:19Þ
Recalling (3.39), applying (A12f) to the hypergeometric































þ ηÞkðpþ 12 − ηÞk
k!ðkþ pÞ! ðΨ



















Equation (4.20) reveals poles in the formal Laurent series
(FLS) of the first summation and a logarithmic divergence
in the second summation.
Adding (4.19) and (4.20) gives the Feynman Green’s
function Gn¼2pþ2F . To expand G
n¼2pþ2
F to second order in s,
it is convenient to split it into a part containing the
logarithmically divergent terms and another containing
the FLS:




















































































For the summation in (4.23), only the k ¼ 0 and k ¼ 1
terms contribute to a second-order expansion in s. From
(4.25) and (4.26), the Zn¼2pþ2log contributions to these terms
are













Zn¼2pþ2log jk¼1 ¼ ðZn¼2pþ2log jk¼0 − iδ ~LÞz; ð4:29Þ
where




Þ2 − η2 −
pþ 2
pþ 1 : ð4:30Þ
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Recalling (4.5), the second-order truncation of the k ¼ 0 term is









From (4.29), the second-order truncation of the k ¼ 1 term is then
ZII;n¼2pþ2log jk¼1 ¼
	














































































þ γ þ 1
2











Z0;n¼2pþ2fls jk¼0 − 2i
ð1
2






Recalling (4.27) and in particular that the kth summands
for k ¼ 0; 1;…; p − 1 are each respectively a FLS of
leading order s−2p; s2−2p;…; s−2, it follows that as
s → 0, the sum Z0;n¼2pþ2fls also contains nonvanishing finite
terms. These nonzero finite terms contribute to the singular
part of the Feynman Green’s function, GF;sing. For the
purposes of renormalization in Sec. VI, it is therefore useful
to make a further decomposition of (4.35):
G0F;sing ¼ GðÞF;sing þ Gð0ÞF;sing; ð4:36Þ
where GðÞF;sing contains all the singular terms and G
ð0Þ
F;sing is
finite and nonzero as s → 0.
C. n > 2, n odd
The relations (3.15), (3.38), (A2) and (A4) and the











































































































and the singular terms of GF are






Recalling (4.39) and in particular that the kth summands for
k ¼ 0; 1;…; p − 1 are each respectively a FLS of leading
order s1−2p; s3−2p;…; s−1, it follows that as s → 0, the sum
Z0;n¼2pþ1fls does not contain nonvanishing finite terms.
Therefore the nonvanishing finite terms Gð0ÞF;sing only need
to be considered when n is even.
V. SINGULARITY STRUCTURE OF GH
As will be seen in Sec. VI, expectation values obtained
using HR are constructed from the regular, state-dependent
objectW. Unlike the purely geometric termsU and V in the
Hadamard form (3.18), the quantity W cannot be uniquely
determined from recurrence relations similar to (3.23).
Instead we may find W using the Hadamard form (3.18)
and the explicit form of the Feynman Green’s function GF,
given in (4.7), (4.22) and (4.40) for n ¼ 2, n > 2 with n
even and n > 2 with n odd respectively.
In this section we regularize the Hadamard form (3.18)
by splitting it into two parts,
GH ¼ GH;reg þGH;sing; ð5:1Þ
where
GH;reg ≔ iκW; ð5:2Þ
and
GH;sing ≔ iκðUσ1−n2 þ V ln σ̄Þ: ð5:3Þ
Given that the Feynman Green’s function GF and the
Hadamard form GH are alternative expressions for the
same object (as long as the two spacetime points are
sufficiently close together), the state-dependent quantityW
can then be determined using
W ¼ −iκ−1ðGF −GH;singÞ; ð5:4Þ
since GH;sing is the purely geometric part responsible for
the short-distance divergences. The computation of expres-
sions for GH;sing for specific n is discussed below.
1. n ¼ 2
In two spacetime dimensions, the Hadamard form (3.18)













2. n > 2, n even












As the functions U and V multiply poles and logarithmi-
cally divergent terms respectively, it is convenient to split














3. n > 2, n odd
When n > 2 is odd, the geometric term V is absent from
the singular part of the Hadamard form, so we have
Gn¼2pþ1H;sing ¼ Gn¼2pþ1HðUÞ ≔ iκ2p−
1
2Us1−2p: ð5:8Þ
A. Computation of GnHðUÞ
For each n, the geometric quantity U in (5.7a) and (5.8)
is found from the expansions (3.21). The coefficients Ul
(with l > 0) are found by exploiting (3.23a), which can be
written in the following form since all quantities depend
only on sðx; x0Þ:
ðlþ 1ÞUlþ1 þUlþ1;ss − Ulþ1Δ−12Δ
1
2
;ss ¼ Ûl; ð5:9Þ
with l ¼ 0; 1; 2;…; n
2
− 3, where “; s” denotes a derivative




n − 2l − 4

Ul: ð5:10Þ
Multiplying through by Δ−12sl, the left-hand side of (5.9)
can be written as ðUlþ1Δ−12slþ1Þ;s. The determination of














where the dummy integration variable is denoted as ś. As
s → 0, the geometric quantity Ul (and therefore Ûl) is
regular but this is not generally so for Δ12s−ðlþ1Þ, and so the










From the explicit form of the Van Vleck determinant on
AdSn (2.20), it can be seen that Δ and hence U0 have
Taylor series expansions in even powers of s. By
induction, using (5.12), this is true for all Ul, which





with expansion coefficients ~ujl. The truncation of the














p − lþ 1; n ¼ 2pþ 2;
p − l; n ¼ 2pþ 1: ð5:15Þ
If n is even, the second-order truncation (5.14) possesses
nonvanishing finite terms, Gð0Þ;n¼2pþ2H;sing , corresponding to
the j ¼ p − l summands. As discussed at the end of
Sec. IV, these nonvanishing finite terms will need to be
considered when we compute renormalized expectation




B. Computation of GnHðVÞ
This part of the Hadamard form is nonzero only when n
is even. The function V in (5.5) and (5.7b) is a solution of
(2.9) [33], and therefore it may be expressed as a linear






















; 1 − z

; ð5:17Þ
where A and B are constants. Since V must be finite as

















The coefficient V0 is obtained from (3.25b),







recast here in terms of s. Therefore, since V0 has a Taylor
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Now that A is fixed, the exact expression (5.18) can be
easily used to find the expansion of GnHðVÞ to the required
order in s.
VI. HADAMARD RENORMALIZATION
A. Renormalized expectation values
Having regularized the Feynman Green’s function GF
and considered the singularity structure of the Hadamard
form GH, we are now in a position to find renormalized
expectation values, in particular the RQFF and RSET. Both
these are determined from the state-dependent biscalar
Wðx; x0Þ appearing in the Hadamard form (3.18), which
is calculated using (5.4). In this paper we are interested in
the global AdSn vacuum state j0i which possesses all the
symmetries of the underlying AdSn spacetime. Therefore
the geometric quantitiesU and V, and the Feynman Green’s
function (3.8) depend only on the proper distance sðx; x0Þ
between the two spacetime points x and x0. From (5.4), we
deduce that, for the AdSn vacuum state the quantityW also
depends only on sðx; x0Þ. This simplifies our calculations
greatly.
The simplest nontrivial expectation value is the RQFF,
which is given by [33]





The RSET is given by the action of a second-order linear
differential operator Tμν on W [33]:
hTμνiren ≔ κlim
s→0
TμνW þ Θμν; ð6:3Þ
where Tμν is a point-separated second-order linear
differential operator version of the classical stress-energy
tensor [31]:























where Rμν is the Ricci tensor.
The RSET satisfies Wald’s axioms [29], and hence is
determined only up to the addition of a local, conserved,
purely geometric tensor Θμν [29]. As discussed in [33], this
ambiguity in the definition of hTμνiren in curved spacetimes
is related to the freedom of choice of renormalization mass
scale M present in HR, which is manifest in (3.20). In HR,
the local tensor Θμν can be found explicitly in terms of the
renormalization mass scale M as follows [33].
Firstly we note that, due to the maximal symmetry of the
AdSn vacuum, in the limit s → 0, the quantity W will be a
constant throughout spacetime, and therefore the RQFF is
also a constant. With this in mind, the definition (6.3) can
be reduced to [33]







recalling from (3.22a) that for n odd, the term v1 will
disappear.
For n even, given (3.20), the Hadamard form (3.18) can
be written
GH ¼ iκ½Uσ1−n2 þ VðlnM2 þ ln σÞ þW: ð6:7Þ
This implies that changing the renormalization mass
scale from unity (corresponding to the Planck mass) to
M corresponds to the transformation
W → W þ V lnM2: ð6:8Þ
It follows therefore from (6.3) that the ambiguity in the




which is zero when n is odd, but nonvanishing when n is
even. Since V depends only on sðx; x0Þ (5.18), the compu-
tation of Θμν simplifies considerably [33]:





and v0 and v1 are given by (6.6).
To find the RQFF (6.1) and RSET (6.5) we therefore
need to compute w, wμν, v0, v0μν and v1. Since we have to
take two derivatives of w and v0, we require WII and VII,
respectively the expansions of W and V to second order in
the (small) separation s. For the remainder of this section,
we give the results for WII and VII for n ¼ 2 to n ¼ 11
inclusive, before calculating the RQFF and RSET in the
next section.
Firstly, VII, the expansion of V, is found from the exact
expression (5.18) and given in Sec. VI B. Finding WII, the
expansion of W, is more complicated. The first step is,
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for each n, to find explicitly the expansions GII;nF of the
Feynman Green’s function, using the general expressions
from Sec. IV. In Sec. VI C we present, for n ¼ 2 to n ¼ 11
inclusive, the zeroth order expansions Gð0ÞF;sing to illustrate
our results. The expressions for the full second-order
expansions GII;nF are extremely lengthy so we do not
present them here. Next we find the second order expan-
sions of the singular part of the Hadamard form,GIIH;sing and
then use them to findWII from (5.4), presenting our results
in Sec. VI D.
B. Expressions for VII
The second-order expansions of the geometric function
V appearing in the Hadamard form (3.18) are required only
when n is even. Using the results of Sec. V B, we find the
following:



































































































































C. Expansions of the Feynman Green’s function
The singularity structure of the Feynman Green’s function has been discussed in detail in Sec. IV. Here we present our
results for the zeroth order expansions Gð0ÞF;sing, which are sufficient for the computation of the RQFF. The second order
expansions GII;nF , required for the computation of the RSET, are computed using the method of Sec. IV, but the resulting






























































































































































































































































































































































































































































































































































































































































































































































































The corresponding expansions of the singular part of the Hadamard formGH;sing can be found using the method of Sec. V.
We do not give the resulting expressions explicitly here. The form of GH;sing for a general spacetime with n ¼ 2 to n ¼ 6
dimensions can be found in [33]. Typically, such expressions involve biscalar functions and are ridden with Riemann tensor
polynomials. However, the maximal symmetry of AdSn simplifies these expressions by involving scalar functions only and
reducing the possible types of Riemann tensor polynomials significantly. The singular terms of the results (6.13) agree with
their counterparts in [33] for the case of AdSn.
CARL KENT AND ELIZABETH WINSTANLEY PHYSICAL REVIEW D 91, 044044 (2015)
044044-14
For n odd, we find that
Gð0ÞF;sing − G
ð0Þ
H;sing ¼ 0; ð6:14Þ
so that the zeroth order expansion of the singular part of the
Hadamard form equals that of the Feynman Green’s
function given in (6.13). For n even, the singular terms
in Gð0ÞF;sing and G
ð0Þ
H;sing match, but there are nonvanishing











































































































































































































































































D. Expressions for WII
Expressions forWII are computed using results forGIIF andG
II
H;sing obtained previously. and are given below for n ¼ 2 to
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In this section we present our results for the RQFF in
Sec. VII A and the RSET in Sec. VII B, calculated using
the methodology developed in previous sections. For
each object, we begin by listing the algebraic expressions
that have been obtained for n ¼ 2 to n ¼ 11 inclusive. For
both the RQFF and the RSET, these expressions are
polynomials in the quantity η [given by (2.10)]. Since a
significant part of the subsequent discussion of these
expressions considers the behavior of these objects as









where we have made use of the fact that the Ricci scalar
on AdSn is given by
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R ¼ −a−2nðn − 1Þ: ð7:2Þ
On the fixed background AdSn geometry, η depends on
both m2, the mass squared of the scalar field and ξ, its
coupling to the background curvature. In our analysis we
have assumed that η is real, which implies an upper bound
on ξ:
ξ ≤ ξmax ≔
m2a2




It follows that an increase in η is, in general, the result of a
decrease in ξ from ξmax and/or an increase inm2 ≥ 0. In the
case of the RSET, the algebraic expressions for the object
carry an explicit linear dependence on ξ, as well as their
dependence on ξ (and m2) through powers of η.
Our discussions of the results for the RQFF and the
RSET are structured as follows. We begin by commenting
on the general form of the expressions for each object. We
then fix the renormalization mass scale M and compare
the resulting profiles for each number of spacetime
dimensions n. Next, we plot this behavior for even n
separately for a discrete selection of values of M. In all
our analysis below, we fix the AdSn radius of curvature
a ¼ 1 for convenience.
We emphasize that the algebraic expressions presented in
Sec. VII A and Sec. VII B are valid for all η ≥ 0 [and
therefore for all values of ξ in the range (7.3)]. In view of
the additional explicit dependence of the RSET on the
curvature coupling ξ, plots such as those just described
(separately highlighting the dependence on n and M),
require the value of ξ to also be fixed. For this purpose, we
highlight the minimally coupled case ξ ¼ 0 and the
conformally coupled case,
ξ ¼ n − 2








In this article, these values are chosen for their simplifying
effect on the expressions rather than to illustrate any special
physical effects. We have therefore included surface plots
for each n. In these plots, the dependence of the RSETon ξ
can be observed separately from the dependence on η.
A. Results for hΦ2iren
Using (6.1) and (6.17), expressions for hΦ2iren are



















































































































ðη9 − 30η7 þ 273η5 − 820η3 þ 576ηÞ: ð7:6jÞ
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1. General remarks
For each number of spacetime dimensions n, the
expressions (7.6) depend on the length scale a (which
determines the AdSn radius of curvature); the mass of the
field quanta m; and ξ, the coupling to the spacetime
curvature. The dependence on m and ξ is only via the
constant η, given by (7.1). For even n, there is an additional
dependence on the renormalization mass scale M. Once
these parameters are fixed, the vacuum RQFF is a constant
throughout AdSn for each n.
The results (7.6) agree with expressions computed using
zeta-function regularization [26], up to the addition of a
constant. This difference may be attributed to the freedom
in the definition of the renormalization mass scale, where






which agrees with that in [52].
The results (7.6) are plotted in Fig. 1 as functions of η,
in which we have set a ¼ 1 and M ¼ 2−12eγ (so that
MC ¼ 1). When η ¼ 0, the RQFF vanishes for n odd,
but for even n, the ~ϒ factor present means that hΦ2iren ≠ 0.
The curves associated with consecutive pairs of consecu-
tive values of n alternate as to whether they are ultimately
decreasing or increasing functions of η. This behavior
arises from the mathematical structure of the Green’s
function, as exemplified by the factors of ð−1Þp in the
formal Laurent series (4.27) and (4.39) for spacetimes
with 2pþ 2 and 2pþ 1 dimensions respectively. This
overall factor of ð−1Þp multiplies the whole of the RQFF
(7.6), and hence results in the large η behavior shown
in Fig. 1.
In Minkowski space, the expectation value of the RQFF
becomes negligible for large scalar field mass m. In anti–
de Sitter space, for fixed curvature coupling ξ we see that
the expectation value of the RQFF becomes large in
magnitude when the scalar field mass m increases. This
can be understood as follows. The scalar field equa-
tion (2.9) and the RQFF expectation values (7.6) depend
only on η and not on the scalar field mass m and curvature
coupling ξ separately. Therefore having large scalar field
mass m is equivalent [via (7.1)] to having small scalar
field mass and large negative values of ξ. Therefore, a
scalar field having large mass behaves in the same way as
a scalar field with a large negative coupling to the negative
spacetime curvature.
2. Varying renormalization mass scale
For n even, the influence of the renormalization mass
scale M on the RQFF can be seen in Fig. 2, where
we show the RQFF for M ¼ 2−12eγ10j−6, (with
j ¼ −5;−4;…; 5). For each even value of n, the depend-
ence of the RQFF on the renormalization mass scale is
through the lnM term in ~ϒ (6.18). For our choice of values
of M, the different curves in Fig. 2 correspond to adding a
constant to ~ϒ. For n ¼ 2, since the RQFF is simply
proportional to ~ϒ, we therefore find a parallel arrangement
of curves. For even n > 2, the plots show that the RQFF
rapidly increases in magnitude as η increases, following
the passage of each curve through its zeroes for small
values of η. For increasing values of n this oscillating
phase takes place nearer to hΦ2iren ¼ 0, and the phase
where the RQFF has increasing magnitude is delayed
and more rapid. For n ¼ 2pþ 2, with p ¼ 1; 2;…, the
j ¼ 0 curve will tend to ð−1Þpþ1∞ as η increases.
Consequently, the curves corresponding to j ≶ 0 will
tend to ð−1Þp∞.
B. Results for hTμνiren
Using (6.5), (6.12) and (6.17), expressions for hTμνiren





−2η2 − 4ξþ 1
2
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½η5 þ ð20ξ − 5Þη3 − ð20ξ − 4Þηgμν;
ð7:8dÞ
FIG. 1. hΦ2iren for varying n with a ¼ 1 and M ¼ eγffiffi2p .





























































































































gμν þ Θn¼8μν ; ð7:8gÞ
FIG. 2. hΦ2iren for (a) n ¼ 2, (b) n ¼ 4, (c) n ¼ 6, (d) n ¼ 8 and (e) n ¼ 10. In each case we have set a ¼ 1 and M ¼ eγffiffi2p 10j−6.
































































































½η11 þ ð110ξ − 55Þη9 − ð3300ξ − 1023Þη7 þ ð30030ξ − 7645Þη5
− ð90200ξ − 21076Þη3 þ ð63360ξ − 14400Þηgμν: ð7:8jÞ
For even n, the RSET depends on the geometric tensor Θμν. This is evaluated using (6.10), together with (6.12) and
















































































































As is the case for the RQFF, for each number of
spacetime dimension n, the expressions (7.8a)–(7.9e)
depend on the length scale a (which determines the
AdSn radius of curvature); the mass of the field quanta
m; and ξ, the coupling to the spacetime curvature. For even
n, there is an additional dependence on the renormalization
mass scale M. As well as depending on m and ξ through
the quantity η (7.1), the expectation values of the RSET,
unlike those of the RQFF, have an additional explicit linear
dependence on ξ. Since the AdSn vacuum is maximally
symmetric, once these parameters are fixed, the RSET
equals a constant times the metric tensor gμν.
The results (7.8) also agree with expressions previously
computed by Caldarelli [26] using zeta-function regulari-
zation methods, up to the addition of a constant, which can
be absorbed into the definition of the renormalization
mass scale by (7.7).
Since the RSET is proportional to the metric tensor, in
our plots we show 1n hTμμiren, which corresponds to the
constant of proportionality. We first plot, in Fig. 3, the
results (7.8) as functions of η for ξ ¼ 0, with a ¼ 1 and
M ¼ 2−12eγ. We recall that the choice of ξ here is for
illustrative purposes only. Since ξ is now fixed however,
the quantity η is in fact a measure of the field mass m.
When η ¼ 0, the RSET vanishes for n odd, but for even n,
the presence of finite terms means that hTμμiren ≠ 0.
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The curves for even n decrease with increasing η,
whereas those for odd n alternate, being ultimately
increasing functions of η for n ¼ 3, 7 and 11 and
decreasing functions of η for n ¼ 5 and 9. As with the
RQFF, this behavior arises from an overall factor of
ð−1Þp in the Green’s function for spacetimes with 2pþ 1
and 2pþ 2 dimensions which then multiplies the renor-
malized expectation values (7.8a)–(7.9e). This overall
factor can be seen explicitly in the formal Laurent series
(4.27) and (4.39) which form part of the Green’s
function. In addition, curves for even n have a slower
rate of change with respect to η and can be found on the
right-hand side of the plot. From the expressions for even
n, it can be understood that their decrease is slowed by
the ψð1
2
þ ηÞ term present in ~ϒ. For increasing η, after
initially passing through its zeroes, the rapid growth of
each curve takes place in ascending order of n. The fact
that the expectation values hTμμiren have large magnitude
for large η with ξ fixed follows from the argument at
the end of Sec. VII A 1. Since the scalar field theory
described by (2.9) depends only on η and not on the
scalar field mass m and curvature coupling ξ separately, a
scalar field having large mass m and small coupling ξ
behaves in the same way as a field having a small mass
and a large negative value of ξ.
2. Varying renormalization mass scale
To investigate the effect of changing the renormaliza-
tion mass scale M, in Fig. 4 we show 1
4
hTμμiren as a
function of η for a massive, conformally coupled field for
n ¼ 4, a ¼ 1 and with varying M. Once again, recall that
this choice is purely for illustration and means that η now
depends solely on m (7.5). We do not include plots for n
even with n ≠ 4 since this pattern of behavior is quali-
tatively identical to the description given for the plots of
hΦ2iren in Fig. 2.
Figure 4 shows that, for fixed curvature coupling ξ, the
large η (or, equivalently, large scalar field mass) behavior of
1
4
hTμμiren (in particular, its sign) depends on the choice of
renormalization mass scale. When n ¼ 4, we see from
Fig. 4 that small renormalization mass scales give rise to
values of 1
4
hTμμiren which are negative for large η while
large renormalization mass scales give rise to values of
1
4
hTμμiren which are positive for large η. This behavior will
be the same for n ¼ 8. However, for n ¼ 6 and n ¼ 10, the
opposite behavior is found: small renormalization mass
scales give 1
4
hTμμiren positive for large η and large renorm-
alization mass scales give 1
4
hTμμiren negative for large η.
This mirrors the behavior of the RQFF seen in Fig. 2. In
Figs. 3 and 5 we have plotted expectation values for fixed
renormalization mass scale. The results shown in those
plots will therefore also change considerably for even n if
a different value of the renormalization mass scale is
chosen.
3. Varying curvature coupling
Allowing ξ to vary, in Fig. 5 we show 1n hTμμiren as a
function of η and ξ for n ¼ 2 to n ¼ 11 inclusive with
a ¼ 1 andM ¼ eγffiffi
2
p 10j−6. For n even, the range j 1n hTμμirenj
corresponding to ξ ∈ ½−0.2; 0.2 with η ∈ ½0.0; 7.5
decreases as n increases. Conversely, for n odd,
j 1n hTμμirenj increases as n increases. The linear dependence
on ξ for fixed η is particularly visible at the intersection of
the plot’s surface with the η ¼ 7.5 plane.
We remark that the scalar field equation (2.9) depends
only on the scalar field mass m and curvature coupling ξ
through the quantity η (7.1). Therefore, at the level of the
classical theory, a scalar field with a large mass behaves in
the same way as a scalar field with a small mass and large
negative coupling to the curvature. The definition of the
RSET (6.5) depends explicitly on the curvature coupling ξ
as well as η, yielding the complicated dependence of
j 1n hTμμirenj on both ξ and η which is depicted in Fig. 5.
The picture is further complicated by the fact that the large
η behavior of the expectation values for even n also depends
on the choice of mass renormalization scale, as discussed in
Sec. VII B 2.
FIG. 4. 1
4
hTμμiren for n ¼ 4, ξ ¼ 16, a ¼ 1, M ¼ e
γffiffi
2
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FIG. 5. 1n hTμμiren as a function of both η and ξ, with a ¼ 1 and M ¼ e
γffiffi
2
p , for (a) n ¼ 2, (b) n ¼ 3, (c) n ¼ 4, (d) n ¼ 5, (e) n ¼ 6,
(f) n ¼ 7, (g) n ¼ 8, (h) n ¼ 9, (i) n ¼ 10 and (j) n ¼ 11.
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4. Trace anomaly
In the particular case that the quantum scalar field is
massless and conformally coupled (7.4), the trace of the
geometric tensor Θμν vanishes [33]. For odd n, the vacuum
RSET vanishes when the field is massless and conformally
coupled. For even n, the trace of the vacuum RSET reduces
to the well-known conformal anomaly (see, for example,
[53] for a review). In AdSn, the explicit expressions for the
conformal anomaly for n ¼ 2; 4; 6; 8 and 10 are




















where the subscript “mc” indicates the expectation value
has been evaluated in the massless, conformally coupled
case. We note that the conformal anomaly is always
negative.
VIII. CONCLUSIONS
In this paper we have studied a real massive free
quantum scalar field on AdSn with arbitrary coupling to
the Ricci scalar. We have used HR to calculate the RQFF
hΦ2iren and the RSET hTμνiren when the quantum field is in
the global AdSn vacuum state. Our method works for
arbitrary n and we have presented explicit results for n ¼ 2
to n ¼ 11. The maximal symmetry of both the underlying
spacetime and the quantum state under consideration have
enabled us to give analytic results for all quantities.
We started with a derivation of the n ¼ 4 Feynman
Green’s function, GFðx; x0Þ [27], that generalizes in a
natural way to n ≥ 2. Due to the maximal symmetry of
the spacetime and quantum state, GF depends only on the
distance s between the two spacetime points under con-
sideration. We regularized GF by expanding it as a formal
series to second order in s. We have also regularized the
Hadamard form GH by expanding it as a formal series to
second order in s, using the framework in [33]. We verified
that the divergent terms of GF match those of GH for n ¼ 2
to n ¼ 11 inclusive, and also observed the presence of
FRTs for even n. Using these two series expansions, we
then computed the RQFF and RSET for each n. Our results
for hΦ2iren and hTμνiren agree with expressions obtained
previously using zeta-function regularization [26] up to a
choice of renormalization mass scale [52]. The equivalence
of zeta-function regularization with HR has been proven
rigorously for globally hyperbolic spacetimes [52,54,55].
Even though AdS is not globally hyperbolic and so does
not satisfy the hypotheses of the theorems in [52,54,55],
our results have shown that zeta-function regularization and
HR remain equivalent on this spacetime.
In this paper we have demonstrated how HR works in
practice for the vacuum state on AdSn. The short-distance
divergences characterizing QFTs on curved spacetimes are
independent of the quantum state under consideration. This
means that the process of renormalization for a particular
spacetime can be performed for a single quantum state,
which can be taken to be the simplest, namely the vacuum.
Finding renormalized expectation values for other quantum
states then reduces to finding differences in expectation
values between two quantum states. For example, we will
consider in a forthcoming publication [56] thermal states
on AdSn. Such a study will be necessary for future
calculations of the RQFF and RSET for a scalar field
(with general mass and curvature coupling) on asymp-
totically AdSn black hole spacetimes.
Finally, let us return to semiclassical Einstein equa-
tions (1.1). Since we have been considering the vacuum
state of a free quantum field on a maximally symmetric
spacetime, our results for hTμνiren have been proportional
to the metric tensor gμν. The semiclassical Einstein equa-
tions (1.1) are easily solved exactly in this situation, simply
by making a one-loop quantum correction to the cosmo-
logical constant [57].
ACKNOWLEDGMENTS
C. K. would like to thank A. Higuchi and V. Moretti
for helpful comments on the theorems concerning the
equivalence of zeta-function regularization and HR. The
work of C. K. is supported by Engineeering and Physical
Sciences Research Council (EPSRC) UK, while that
of E.W. is supported by the Lancaster-Manchester-
Sheffield Consortium for Fundamental Physics under
Science and Technology Facilities Council (STFC) Grant
No. ST/J000418/1 and European Cooperation in Science
and Technology (COST) Action No. MP0905, “Black
Holes in a Violent Universe.”
APPENDIX
The calculations that we feature in Secs. III and IV
rely heavily on specific properties of the gamma, psi
and hypergeometric functions. An appropriate formulary
is provided here for reference, throughout which
z; α; β; γ ∈ C, where α; β; γ are constants, and k; j; p ∈
f1; 2;…g.
First, useful results concerning the gamma function,
ΓðzÞ (defined for z ∈ Cnf0;−1;−2;…g), are the recur-
rence relations
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Γðzþ 1Þ ¼ zΓðzÞ ¼ z!; ðA1aÞ
Γðzþ jÞ ¼ðzþ j − 1Þðzþ j − 2Þ    ðzþ 1ÞΓðzþ 1Þ;
ðA1bÞ
and the reflection formula
ΓðzÞΓð1 − zÞ ¼ π × cosecðπzÞ ðA2Þ
(see §6.1.15–§6.1.17 [58]). Defining the Pochhammer
symbol
ðzÞj ≔ zðzþ 1Þ    ðzþ j − 1Þ ¼
Γðzþ jÞ
ΓðzÞ ; ðzÞ0 ≔ 1
ðA3Þ
(see §6.1.22 [58]), we also have
Γðpþ jþ zÞ ¼ ðpþ zÞjðzÞpΓðzÞ: ðA4Þ




(see §8.361.1 [50]) are










zþ l ; ðA6bÞ
and the reflection result













(see §8.365.3, §8.365.4, §8.365.9 [50] respectively), and
where in Eq. (A.6a) the boldface γ is the Euler-Mascheroni
constant.
The hypergeometric series (§15.1.1 [58])








is undefined for γ ¼ 0;−1;−2;…, unless either α or β is a
negative integer. The series converges (diverges) absolutely
for jzj ≶ 1. If z ¼ 1,
F½α; β; γ; z ¼ ΓðγÞΓðγ − α − βÞ
Γðγ − αÞΓðγ − βÞ ; ðA9Þ
for 0 < Reðγ − α − βÞ (see §15.1.20 [58]). If jzj ¼ 1 and
z ≠ 1, then F
8>><
>>:
converges absolutely; 0 < Reðγ − α − βÞ;
converges conditionally; −1 < Reðγ − α − βÞ ≤ 0;
diverges; Reðγ − α − βÞ ≤ −1
ðA10Þ
(see also §15.1.1 [58]). Solutions F½α; β; γ; z of the hyper-
geometric differential equation (see §15.5.1 [58])
zðz − 1ÞF;zz þ ½γ − ðαþ β þ 1ÞzF;z − αβF ¼ 0
ðA11Þ
are the hypergeometric functions, exhaustive lists of
which can be found in, for example, [50,58,59] and
whose specific forms depend partly on the properties
and interrelations of α, β and γ.
The linear transformations of hypergeometric series of
direct relevance to Secs. III and IV are
F½α; β; γ; z ¼ ð1 − zÞγ−α−βF½γ − α; γ − β;γ; z; ðA12aÞ
F½α; β; γ; z ¼ ð1 − zÞ−αF






F½α; β; γ; z ¼ ΓðγÞΓðγ − α − βÞ
Γðγ − αÞΓðγ − βÞF½α; β; αþ β − γ þ 1; 1 − z
þð1 − zÞγ−α−β ΓðγÞΓðαþ β − γÞ
ΓðαÞΓðβÞ F½γ − α;γ − β; γ − α − β þ 1;1 − z; j argð1 − zÞj < π; ðA12cÞ
F½α; β; γ; z ¼ ΓðγÞΓðβ − αÞ
ΓðβÞΓðγ − αÞ ð−zÞ
−αF½α; αþ 1 − γ;αþ 1 − β;z−1
þΓðγÞΓðα − βÞ
ΓðαÞΓðγ − βÞ ð−zÞ
−βF½β; β þ 1 − γ; β þ 1 − α;z−1; jargð−zÞj < π; ðA12dÞ
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× ½2ψðjþ 1Þ − ψðαþ jÞ − ψðβ þ jÞ − lnð1 − zÞð1 − zÞj; jargð1 − zÞj < π; j1 − zj < 1; ðA12eÞ




ðα − jÞkðβ − jÞk
k!ð1 − jÞk
ð1 − zÞk − ð−1Þj Γðαþ β − jÞ





k!ðkþ jÞ! ð1 − zÞ
k½lnð1 − zÞ − ψðkþ 1Þ − ψðkþ jþ 1Þ þ ψðαþ kÞ þ ψðβ þ kÞ;
jargð1 − zÞj < π; j1 − zj < 1 ðA12fÞ
(see §15.3.3, §15.3.4, §15.3.6, §15.3.7, §15.3.10 and §15.3.12 [58], respectively).
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